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Abstract. If a finite group action a on a unital C*-algebra M is saturated, 
the canonical conditional expectation E : M — > M a onto the fixed point 
algebra is known to be of index finite type with Index(E) = \G\ in the sense 
of Watatani. More generally if a finite dimensional Hopf *-algebra A acts on 
M and the action is saturated, the same is true with Index(E) = dim(A). 
In this paper we prove that the converse is true. Especially in case M is 
a commutative C"*-algebra C(X) and a is a finite group action, we give an 
equivalent condition in order that the expectation E : C(X) — > C(X) a is of 
index finite type, from which we obtain that a is saturated if and only if G acts 
freely on X. Actions by compact groups are also considered to show that the 
gauge action 7 on a graph C*-algebra C*(E) associated with a locally finite 
directed graph E is saturated. 



1. Introduction 

It is known [17] that if a is an action by a compact group G on a C*-algebra M, 
the fixed point algebra M a is isomorphic to a hereditary subalgebra e(M x a G)e of 
the crossed product M x a G for a projection e in the multiplier algebra of¥x a G. 
If e(M x a G)e is full in M x a G (that is, e(M x a G)e generates M X a G as a 
closed two-sided ideal), the action a is said to be saturated (the notion of saturated 
action was introduced by Rieffel 14, Chap. 7]). Every action a with a simple crossed 
product M x a G is obviously saturated. 

On the other hand, an action of a finite dimensional Hopf ^-algebra A on a unital 
C*-algebra M is considered in [18] and it is shown that if the action is saturated, 
the canonical conditional expectation E : M — * M A onto the fixed point algebra 
M A is of index finite type in the sense of Watatani [19] and Index(E) = (dim A)l. 
The main purpose of the present paper is to prove that the converse is also true. 
We see from our result that for an action a by a finite group G, a is saturated 
if and only if the canonical expectation E : M — ► M a is of index-finite type with 
index Index(E) = \G\. 

Besides, we consider actions by compact groups to study the saturation property 
of a gauge action 7 on a C*-algebra C*{E) associated with a locally finite directed 
graph E with no sinks or sources. This paper is organized as follows. 

In section 2, we review the C*-basic construction from [19] and finite dimensional 
Hopf *-algebras from [18] setting up our notations. Then we prove in section 3 that 
if A is a finite dimensional Hopf *-algebra acting on a unital C*-algebra M such 
that E : M — * M A is of index finite type with Index(E) — (dimA)l, then the 
action is saturated (Theorem 13. 3| . 

In section 4, we deal with the crossed product M x a G by a finite group in 
detail and give other equivalent conditions in order that a be saturated. From the 
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conditions one easily see that an action with the Rokhlin property [7] is always 
saturated. Also we shall show that if M has the cancellation, an action with the 
tracial Rokhlin property [T2J on M is saturated. 

Note that even for an action a by the finite group Z2, the expectation E : 
M — ► M a may not be of index finite type in general [TH Example 2.8.4]. For a 
commutative C*-algebra C(X) and a finite group action a, we give a necessary and 
sufficient condition that E : C(X) — » C(X) a is of index finite type (Theorem l4.10p 
and provide a formula for Index(E). Then as a corollary we obtain that a is 
saturated if and only if G acts freely on X. 

In section 5, we consider a compact group action a and investigate the ideal 
J a of M x a G generated by the hereditary subalgebra e(M x a G)e. Then we 
apply the result on J a to the gauge action on a graph C*-algebra in section 6. As 
a generalization of the Cuntz-Krieger algebras [5], the class of graph C*-algebras 
C* (E) associated with directed graphs E has been studied in various directions by 
considerably many authors (for example see the bibliography in the book [15j by 
Raeburn). In [9 , Kumjian and Pask show among others that if 7 is the gauge action 
on C*(E), then C*(E) 1 is stably isomorphic to the crossed product C*(E) x 7 T, 
which was done by hiring the notions of skew product of graphs and groupoid C*- 
algebras. In Theorem 16.31 we shall directly show that the gauge action is actually 
saturated (this implies that G*{E) 1 and C*(E) x 7 T are stably isomorphic). 



Watatani's index theory for C*-algebras. In [19] ; Watatani developed the 
index theory for C*-algebras, and here we briefly review the basic construction 
C*(B,eA)- Let B be a C*-algebra and A its C*-subalgebra containing the unit of 
B. Let E : B — > A be a faithful conditional expectation. If there exist finitely 
many elements {fi}f =1 in B satisfying the following 



E is said to be of index-finite type and {(Vj, is called a quasi-basis for E. 

The positive element ViV* is then the index of E, Index(E), which is known to 
be an element in the center of B and does not depend on the choice of quasi-bases 
for E ([IH1 Proposition 1.2.8]). Let B be the completion of the pre-Hilbert module 
Bo = {rj(b) I b £ B} over A with an ^-valued inner product 



Let Ca(B) be the C*-algebra of all (right) A- module homomorphisms on B with 
adjoints. For T £ Ca(B), the norm ||T|| = sup{||Ta;|| : ||x|| = 1} is always bounded. 
Each b £ B is regarded as an operator L b in £a(B) defined by L b (i](x)) = rj{bx) 
for T](x) £ Bo. By ca ■ B — > B we denote the projection in £a(B) such that 
eA(r](x)) = r](E(x)), rj{x) £ Bq. Then the C* -basic construction C* {B , e^) is the 
C*-subalgebra of £a(B) in which the linear span of elements L^&aLv (b, b' £ B) is 
dense. 

Finite dimensional Hopf ^-algebras. As in [18], a finite dimensional Hopf *- 
algebra is a finite matrix pseudogroup of 20J. We review from 18] the definition 
and some basic properties of a finite dimensional Hopf ^-algebra which we need in 
the following section. 



2. Preliminaries 
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Definition 2.1. ( [T8l Proposition 2.1]) A finite dimensional C*-algebra is called a 
finite dimensional Hopf *-algebra if there exist three linear maps, 

A : A -> A® A, e : A ^ C, and S : A ^ A 

which satisfy the following properties 

(i) A(comultiplication) and e(counit) are *-homomorphisms, and 5(antipode) 
is a ^-preserving antimultiplicative involution, 

(ii) A(1) = 1®1, e(l) = 1,5(1) = 1, 

(iii) (A ® id) A = (id (g> A)A, 

(iv) (e®id)A = A(e®id), 

(v) m(S®id)(A(a)) = e(a)l = m(id(g)5)(A(a)) for a e A, where m : A® A — > A 
is the multiplication. 

Proposition 2.2. ([TS], [20]) Let A be a finite dimensional Hopf *-algebra. Then 
the following properties hold. 

(i) For a G A, with the notation A(a) = £g> af~, we have 

<af )af = a = ^ e(af )af , 
£>f5(af) = e( a )l = £S(a?)a?, 
£>f5(af) = e(a)l = ^5(af)af. 

(ii) There is a unique normalized trace (called the Haar trace) r on A such that 

J2^(af)af = r(o)l = £V(a? : )af , a € A 

z i 

(iii) There exists a minimal central projection e G A ( called the distinguished 
projection) such that ae — e(a)e, a € A. We have 

e(a) = 1, 5(e) = e, and r(e) = (dimA) . 

3. Actions by finite dimensional Hopf *-algebras 

Throughout this section A will be a finite dimensional Hopf *-algebra. An action 
of A on a unital C*-algebra M is a bilinear map • : A X M — > M such that for 
a,b £ A, x,y £ M, 

1 • x = x, 
a ■ 1 = e(a)l, 
ab ■ x — a ■ (b ■ x), 

a-xy = J^K L • x)(af • y), 
(a ■ a;)* = S(a*) • x*. 
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Then the crossed product M x A is the algebraic tensor product M ® A as a vector 
space with the following multiplication and ^-operation: 

(x ®a)(y<Z) b) := ^ x(af ■ y) ® af 6, 

Identifying a G A with 1 ® a and x G M with x ® 1, we see [18] that 
Mxi = span{xa i e M, s e A}. 

For the definition of saturated action of A on Af , refer to section 4 of [18] . 

Proposition 3.1. ([18]) Let M A = {x G M | a ■ x = e(a)x, for all a € A} be the 

fixed point algebra for the action of A on a unital C* -algebra Af . 

(i) The action is saturated if and only if 

Af x A = span{xey | x, y € Af}, 

where e € A is the distinguished projection. 

(ii) TTie map £ : M -> AT 4 , E'(x) = e • x, is a faithful conditional expectation 
onto the fixed point algebra such that 

E((a ■ x)y) = E(x(S(a) ■ y)), a G A, x,y G Af. 

(iii) TVie linear map F : Af X ^4 — > M, F(xa) = r(a)x, is a faithful conditional 
expectation onto Af . 

Recall that .Mo ~ Af is an Af ^-valued inner product module by 

(r)(x),r)(y)) M A = E(x*y) 

(here we use the convention in T§\ for the inner product as in section 2). Since 
every norm bounded Af ^-module map on A4q extends uniquely to the Hilbert Af A - 
modulc M, we may identify the *-algebra End(JAo) (in [18]) of norm bounded right 
Af ^-module endomorphisms of A4o having an adjoint with the C*-algebra Hm a (-M) 
explained in section 2. 

Remark 3.2. ( Proposition 1.3.3]) If E : Af — » M A is of index-finite type, then 

C*(M, c m a) = span{L x e M AL y \ x,y G Af} = £ m a(M). 

In fact, we see from the proof of [HH Proposition 2.1.5] that C*(M, e M A) contains 
the unit of Cm a (M-)- Thus the ideal span{L x eM A L y \ x,y G Af} which is dense in 
C*(Af, e M A) must contain the unit of C m a (M). 

Theorem 3.3. Let A be a finite dimensional Hopf *-algebra acting on a unital 
C* -algebra M . Then the following are equivalent: 

(i) The action is saturated. 

(ii) E : Af — » M' 4 is of index finite type with Index(E) = (dimA)l. 
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Proof. (i)=> (ii) is shown in [HI Proposition 4.5]. 

(ii)=> (i). By Remark ET2"1 C*(M,e M A) — span{L x e M AL y \ x,y € M}. Consider 
a map ip : C* (M, e M A ) — » M x A given by 

ip(^2L Xi e M AL Vi ) = ^Xieyi. 

i i 

To see that ip is well defined, let J^i L Xi eM A L yi — 0. Then for each z £ M, 
(^2L Xi e M AL Vi )(r}(z)) = y ^ri(x i E(y i z)) = -q^x^e ■ faz))) = 0, 

i i i 

hence by the injectivity of r\ ([HI 2.1]), ^ Xi(e-(yiz)) = in M. Since (a-x)e = axe 
for a e A, a e M (see (7) of Q2]), we thus have 

^Xi(e- (yiz))e = y^^Xjeyjjze = 

i i 

in Al x A for every z £ M, which then implies that 

x l ey i ){zez') = 0, z, z' £ M. 

i 

Particulary, (^2 i Xieyi)Q2i x i e Vi)* = 0' so that J2i x i e Vi = (in M x A). Thus <p 
is well defined. It is tedious to show that ip is a *-homomorphism such that the 
range ip(C*(M, e M A)) = MeM is an ideal of M x A; if x, y, and 2 6 M and a 6 A, 
then 

(za)(xey) = (z(a ■ x))ey £ MeM. 
Hence it suffices to show that ip(l) = 1. If {(ui, u*)}f =1 is a quasi-basis for F, then 

^2 L me M AL u * (t](z)) = ^ v(uiE(u*z)) = j](z), z £ M, 

i i 

which means that J^- L Ui ej^ a L u * = 1 £ Cma(A4). Therefore by Proposition ^. 2( 111) 
and Proposition 13. lf iii) 

n 

F(<p(l)) = F(J2 Uieu*) = r(e)u iU * = — - £ u iU * = 1. 

i— 1 i i 

Since ip is a *-homomorphism, </?(l) is a projection in M x A such that F(l — tp(l)) 
(I. But F is faithful, and ip(l) = 1 follows. □ 



4. Actions by finite groups 

Throughout this section G will denote a finite group. As is well known the group 
C*-algebra C*(G) generated by the unitaries {X g \ g £ 67} is a finite dimensional 
Hopf *-algebra with 

A(A 9 ) = A 5 ®A S , e(X g ) = l, S(X g ) = X g -i for X g £ C*(G). 

The Haar trace r is given by r(X g ) = 8 ig , where i is the identity of G, and the 
distinguished projection is e = J2 g ^g- 

Let a be an action of G on a unital C*-algebra M. Then it is easy to see that 

X g • x := a g (x) for g £ G, x £ M, 
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defines an action of G*(G) on M. Furthermore M X C*(G) is nothing but the 
usual crossed product M x a G — span{x\ g \ x £ M, g £ G}, and the expectations 
E : M -> M a (= M c *^), F : M x a G -> M of Proposition O are given by 

E(x) = 77^- E a g (x) and x g X g ) = cc t (as, x g el, 5 e G). (1) 

Note that for each J^h x h^h € M x a G and g € G, 

im - ii^ce^voii < ike ii = iiE^n- ( 2 ) 

/i /i /i 

If i/a denotes the closed ideal of Mx a G generated by the distinguished projection 
e, then Proposition 13 . 1 [ i) says that a is saturated if and only if J a = M x a G. We 
will see in Proposition 15.41 that 

Ja = sp an {^^ xa g(y)^g I x , V S ^} — span{^] 2;a 9 (x*)A g | x G A/}. (3) 
g g 

The *-homomorphism ip : G* (M, eM° ) — * M x a G we discussed in the proof of 
Theorem 13.31 can be rewritten as follows. 



(p(L x e M «L y ) = 7^7 E xa g(y) x 9> x,y E M (4) 
g 

because ip{L x eM a L y ) = xey and e = y-yy E s A g . If {(lij, u*)} is a quasi-basis for £7, 
we see from J2i L Ui &m<* L u * = 1 and (j4|) that 

ip(i) = E w » e < = EE MiQ; ff( u i^ A 9 ( 5 ) 

is a projection in M x Q G. Recall that <p(l) = 1 holds if a is saturated. 

Theorem 4.1. Lei M be a unital C* -algebra and a be an action of a finite group 
G on M . Then the following are equivalent: 

(i) a is saturated, that is, J a — M x a G. 

(ii) E : M — > M a is of index finite type with Index(E) = \G\. 
(hi) E : M — > M" is of index finite type with Index(E) = \G\ and 

^2uia g (u*) = 0, g^b (6) 

i 

for a quasi-basis {(m,u*)} for E. 

(iv) There exist {b ] g G M | g S G, 1 < j < m} for some m > 1 swc/i i/ioi 

(a) agibfy = b J gh , for j = 1, . . . ,m and g, h E G. 

(b) E i 6j(&ir=^. 

(v) for every e > 0, there exist {b J g £ M \ g E G, 1 < j < m} for some m > 1 

(a) EiK^-^IKe, 

(b) HEi^W- VII <£• 



Proof, (i) (ii) follows from Theorem 13.31 

(i) =>■ (hi). If {(wj, u*)} is a quasi-basis for S, we have from © that Ej u i a g( u t ) 
for 5 / t since <p(l) = 1. 
(hi) (ii). Obvious. 
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(i) (iv). Suppose J a = M X Q G. By © there exist m € N and bj e M, 
1 < j < m, such that 

E(Ew&;))a 9 = i. 

9 j 

Thus 

E 6 A* = 1 and E = for 9 i. (7) 

j 3 

Set 6£ := a ff (6j). Then 

a g(K) = a g (a h {bj)) = a gh {bj) = b J gh , 

E^W = E a «( 6 iH( & i) 

J 3 

= a g(J2 b i a g- lh ^ b *3^ 

3 

= Sgh by Q. 

(iv) (v). Obvious. 

(v) => (i). Let e > and let {b J g G M \ g G G, 1 < j < m} satisfy (a) and 
(b) of (v). Note that (b) implies < 1 + e for g G G, 1 < j < m. Indeed from 

|| || Ei HiHn-m < IIEj W"l|l < £,wehave||^|| 2 < ||Ei6j(6j)1l < 
Then 

iiE(E^(( 6 i)*) A 9 )-i G in 

h,j g 

= \\Y,(Y,v h aMr)^-\G\\\ 

g h,j 

< ii E W)* - i g i ii + ii E(E K«MY)\)\\ 

h,j g^L h,j 

< E ii E Mr - 1 ii + E E ii E 

ft J ft j 

< sici + EE ii EK( a Mr) - (KhT)\\ + EE 11 E W/Ji 



<ef|G| + |G| 2 max||6 J J| + |G| 

v gj 

< e(|G| + |G| 2 (l + e) + |G| 



Since J2h j(J2 g K. a g((H,)*)^g) e an d £ can be chosen to be arbitrarily small, 
we conclude that J a —Mx a G. □ 



Example 4.2. Let ui= (^q ^ j be a unitary with w n = 1 and define an 

automorphism a on Ma(C)) by ct(a) = waw* , a G M2(C). We will show that a is 
saturated if and only if Z2 — —z\. For this, recall from ([3]) that a is saturated if 
and only if there exist Xj G M2(C), 1 < i < m, satisfying 

n— 1 m 

E E^'^^P^ = 1m 2(c)- (8) 

fe=0 3=1 
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H 


v o 


n 



Hence, particularly for k — 0, 1, we have 

^2 x s x i = [l i) and ^2 x M x *j) = J2 x ^ w * = ( o o 

i i j 

With x., = | ° 3 ' ^ | and z< = e l6,i , i = 1, 2, this means 

y V |^| 2 + |d,-| 2 

Therefore, by comparing (1,1) entries of each matrices, it follows that if a is satu- 
rated, then there exist positive real numbers a (= J2j \ a j\ 2 ) > 0, b(— J2j \bj\ 2 ) > 
such that 

a + 6=l aiido + e' l ^H = 0. (10) 

Note that 6^0 since 6 = implies a = from £\ (|a,-| 2 + e^^^Ujbj) = in 
([9]). There are three possible cases for 6\, 82 as follows. 

(i) If 62 — 0\ = 0(mod 2tt), that is, a is trivial, then (JTUJ) is not possible. 

(ii) If e % -d x = 7r(mod 2tt), then 

Xl = T2 ( I ) and X2 = 71 ( 1 1 

satisfy (|SJ) with m = 2. Thus a is saturated. 

(iii) If 02 — 01 7^ 0, 7r(mod 2tt), then ITUf is not possible for any a, b > 0. Hence 
a is not saturated. 



Remark 4.3. Let a, /3 € Aiti(M) satisfy a n = /3" = idjv/ for some n > 1. If 
there is a unitary u € M such that /3 = o a, then a and /3 are said to 

be exterior equivalent, and if this is the case the crossed products are isomorphic, 
Mx a G = MxpG, [14, p. 45] . Examplc l4.2l savs that the property of being saturated 
may not be preserved under exterior equivalence. Also the case (iii) of Examplc l4.2l 
above with w = diag(X, A), A = e"f (hence 0\ — 02 = =£■ — -j- ^ 7r(mod 27r)), shows 
that Index(E) < \G\ is possible even when E is of index-finite type. In fact, if 

u\ = f q ^ ~\ and U2 = ( ^ ) ' ^ en {( Ui > u i)}i=i f° rms a quasi-basis for E, 
but Index(E) = 2 < |Z 3 |. 



Remark 4.4. Recall that the Rokhlin property and the tracial Rokhlin property 
(weaker than the Rokhlin property) are defined as follows and considered intensively 
in [7] and [12], respectively: 

(a) ([I]) a is said to have the Rokhlin property if for every finite set F C M, 

every e > 0, there are mutually orthogonal projections {e g | g e G} in M 

such that 

(i) ||a ff (e h ) - e gh \\ < e for /i e G. 

(ii) ||e g x — a;e 9 || < e for g £ G and all x £ F. 

(iii) E s eG e 9 = L 
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(b) ( [12] ) a is said to have the tracial Rokhlin property if for every finite set 
F C M, every e > 0, every n £ N, and every nonzero positive element 
x € M , there are mutually orthogonal projections {e g \ g £ G} in M such 
that: 

(i) \\a g (e h ) - e gh \\ < e for g, h £ G. 

(ii) \\e g x — xe g \\ < e for g G G and all x £ F. 

(iii) With e = X) 9 eG e 9' the projection 1 — e is Murray- von Neumann 
equivalent to a projection in the hereditary subalgebra of M generated 
by x. 



The following proposition is actually observed in |12[ Lemma 1.13], and we put a 
proof for reader's convenience. 

Proposition 4.5. Let M be a unital C* -algebra and a be an action of a discrete 
group G on M . Suppose that for every e > and every finite subset F C M , there 
exist a family of projections {e g } ge a such that 

(1) IK(e/0 - e gh \\ < e. 

(2) \\e g x — xe g \\ < e for each x € F. 

Then a is an outer action. 

Proof. Suppose there is a unitary u € M such that a g (x) — uxu* for every x G M 
(g l). Put F = {u} and < e < 1/4. Then there exist mutually orthogonal 
projections {e g } ge G such that 1)03(6/!) — e g h\\ < e < 1/4. Thus \\e g u — ue g \\ < e < 
1/4. Then |K(e t ) - ue L u*\\ = 0. But 

||a 9 (e,,) - ue L u*\\ = ||a 9 (e t ) - e g + e g ~ e L + e L - ue L u*\ 

> \\e g - ej - ||a 9 (e t ) - e g \\ - ||e t - ue L lu*\\ 

1 1 1 

> 1 = -, 

4 4 2 

which is a contradiction. □ 



Remark 4.6. If M x a G is simple, a is obviously saturated, and this is the case if G 
is a finite group, M is a-simple, and T(ct g ) 7^ {1} for all g ^ l ( 8, Theorem 3.1]). 
In particular, a is saturated if M is simple and a is outer. 

But for a nonsimplc M , this may not hold. In fact, if a is an outer action of Z„ 
on M and u is a unitary in M with u n = 1 such that the action Ad(u) on M is not 
saturated (as in Example 14. 2| . then the action a © Ad(u) on M © M is outer but 
not saturated. 



Now we show that if a satisfies the Rokhlin property (or satisfies the tracial Rokhlin 
property and M has cancellation) then a is saturated. For this we first review the 
cancellation property of C*-algebras. For projections p, q in a C*-algebra, we write 
p _L q if pq — 0, and p ~ q if they are Murrey- von Neumann equivalent. 

Definition 4.7. A unital C*-algebra M has the cancellation if, whenever p, q, r 
are projections in M n (M) for some n, with p _L r, g _L r, and (p + r) ~ (g + r), 
then p ^ q. 
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Remark 4.8. (1) If M has the cancellation and p, q are projections in M such 
that (1 - p) ~ (1 - q), then p ~ g (gj V.2.4.14]). 
(2) It is well known that every C*-algebra with stable rank one has the cancel- 
lation ([1 V.3.1.24]). 



Proposition 4.9. Let a be an action of a finite group G on a unital C* -algebra 
M . Then a is saturated if one of the following holds. 

(i) a has the Rokhlin property. 

(ii) a has the tracial Rokhlin property and M has the cancellation. 

Proof, (i) For an e > 0, there exist mutually orthogonal projections {e g } g such that 
J2 g e g — 1 an d ||a ff (eh) — e g h\\ < £■ Then, with m = 1, the elements b g := e g satisfy 
(v) of Theorem O 

(ii) Now suppose a has the tracial Rokhlin property and M has the cancellation. 
We shall show that J a contains the unit oi M x a G. Let < e < 1. For each 
g 6 G, choose mutually orthogonal projections {e 9 h }h^G such that 

IK(4) ~4h\\ < 2|§|2> 

and put e 9 := J2heG e h- ^ e9 = 1> f° r some <7j then b\ := (ft, S G) will satisfy 
(v) of Theorem l4.1l as in (i). If e 9 ^ 1 for every g £ G, then by the tracial Rokhlin 
property of a there exist mutually orthogonal projections {f? }heG m M such that 

\\Mf 9 h )-fL\\<^ 

and 

h£G 

for a subprojection (e 3 )' of e 9 . Put / 9 := J^h ft- Then since M has cancellation, it 
follows that f 9 ~ (l — (e 9 )') > (1 — e s ). Let u g e M be a partial isometry satisfying 

= v£ = l-(e»)', 

and set 

x b := p| £ (( e £Me£) + C 1 - e k )v k fta g (fta g -i («£))) , g & G. 

Now we show that the element a; := X^^s^g G satisfies ||a; — 1|| < e. In fact, 
for g =/= i, 

\\x g \\ < ^^\\(ela g (el) + (l-e k )v k f^a g (f^a g Mvm\ 

< iir E (H^K(^) - + 114411 + \\f h h (a g (ft) - /*„)« + ||/£/ g \||) 

" |G| |^ ( 2|G]2 + 2Tg]2 ) 

e 

= W\ 
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and 



' ' k k 

^(E^+Ea -(«*)')) 
= i. 

□ 



For the rest of this section we consider a finite group action on a commutative 
C*-algebra C(X). If G acts on a compact Hausdorff space X, it induces an action, 
say a, on C(X) by 

a g {f){x) = f{g- l x), feC(X). 

For each x £ X, let G x = {g € G : gx = x} be the isotropy group of x and for a 
subgroup H of G (H < G), put 

X H = {x£X :G X =H}. 

It is readily seen that Xh and X//' are disjoint if H ^ H' , and X is partitioned as 

X= \J X H . 

H<G 

Theorem 4.10. Let X be a compact Hausdorff space and G a finite group acting 
on X. If a is the induced action of G on C{X), the following are equivalent: 

(i) E : C(X) -> C(X) a is of index finite type. 

(ii) Xh is closed for each H < G. 

Moreover, if this is case the index of E is Index(E) = J2 H<G j^XXhj where xx H 
is the characteristic function on Xh- 

Proof, (i) => (ii). If E is of index-finite type and {(ui, u*)}^ =1 is a quasi-basis for 
E, then 



that is, 



^-J2 u ^{J2<(9- 1 x)f(g- l x))=f(x), (11) 

for / e C(X) and x £ X. For each x £ X, choose a continuous function f x € C(X) 
satisfying f x \ G x\{x} = and f x (x) = 1. Then |ll]) with f x in place of / gives 

T^E^KE^-M/.GT 1 *)) =/«(*), (12) 



and so we have 



|G| 



5^^(a;)u*(a:) = 1. (13) 
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To show that each Xh is closed, let {x n 6 Xh ■ n = 1,2, . . .} be a sequence of 
elements in Xh with limit x 6 Xh<- Then (fTT|) gives 



fx{x n ) = Tgj- 1 x n )f x (g 1 x n ] 



gee 



= Tq\ ^2 u i( x ^){^2 u i(9 l %n)fx{g 1 x n ) + ^u*{g 1 x n )f x (g 1 : 
1 1 « seH g£H 

= T7T\^Ui( x n)(\H\u$(x n )f x (x n ) + ^ U* (g^ 1 X n ) f x (g^ Xn)^. 

Taking the limit as n — ► oo, we have 

= pE ^(^(l^K^/^x) + \H' \ H\u*{x)f x {x) 

\H\ + \H'\H\^ 
= L, 2^Ui(x)uf(x)f x {x). 

' ' i 

Therefore, comparing with (|13p , we obtain 

\H'\ = \H\ + \H'\H\ 
since G x = if' and / x (a;) = 1. Hence 

H C H'. 

On the other hand, since G Xn = Ji, again by (|13p . IS- U;(a;„)u*(a; n ) = 1 with 

the limit ^Y2i u i( x ) u i( x ) = 1 as n — > oo. But also -^Ei "if^KW = 1 by 
(ITS)) , and thus \H\ — \H'\. Consequently we have 

H = H' 

because H C H' . This shows that Xh is closed. 

(ii) => (i). Assume that Xh is closed for every subgroup H of G. Then X# 
is open since there are only finitely many such subsets. Let Uh — {Un.i H ■ ill 
1.2 nn} be an open covering of Xh such that 

x e UH,i H ==>■ <7 _1 £ ^ Uh,i h or a; ^ Jif whenever gt a; ^ x. 

Let be a partition of unity subordinate to Uh- We understand that the 

domain of v H ,i H is X by assigning to x (jL Xh- Let un,i H — y/VH,i h • 
We claim that 

G\ 

u H.i H , \ItH\ u *ha„) - h <G,i H = l,2,...,n H \ (14) 
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is a quasi-basis for E. For / £ C(X) and x € X, let F < G and 1 < j < uf be 
such that x S Xf and a: G Ufj- Then 



E £ ( t/jm W ]M »w)) ( 



_f/<GiH = l 



17^ E E (\/t|t u ^( x )(E\/tS m ^h(9 ^) 

1 l H<Gi ff = l V V I I gGG V I I 

E Tp\ U F,iF(x)( 1 52 u F,i F (g ~ 1 x)f(g ^X) 
ip=l ' ' gGG 

rw u F,iF(x){^2u F ^ F ,(g~ 1 x)f(g- 1 x) 

I I i F = l gGF 
^7 XI u F,iA x )\ F \ u F,iA x )f( x ) 



□ 



1 1 i F = l 

= v F ,i F {x)f(x) 

= fix), 
as claimed. 

Recall that an action G on X is free \l gx ^ x for g e G, g ^ 1, and i£l 

Corollary 4.11. Let I fe o compact Hausdorff space and G a finite group acting 
on X. If a is the induced action on C(X), the following are equivalent. 

(i) G acts freely on X . 

(ii) E : C{X) — > C{X) a is of index-finite type with Index(E) = \G\. 

(iii) a is saturated. 

Proof, (i) => (ii) is proved in [19l Proposition 2.8.1]. 

To show (ii) (i), let E be of index-finite type with Index(E) = \G\. Then 
from Theorem 14. 101 we have 

\G\ = Index(E) = £ H XXff , 

H<G ' ' 

which implies that i? = {i} is the only subgroup of G such that Xh ^ 0- Hence 
X = Xr t }, that is, G acts freely on X. (ii) <==>- (iii) comes from Theorem 14. II □ 

5. Saturated actions by compact groups 

Notation 5.1. Let M be a C*-algebra and a be an action of a compact group G on 
M. For x,y £ M, define continuous functions f x>y , f x ,i, f\ :V £ C(G,M) from G to 
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M as follows: 

fx, v (t) = xa t (y), 
fx,i(t)=x, fx, y (t) = a t (y) forieG. 
Then it is easily checked that f x>y = f Xil * fi >y and f* y = f y * >x *. 

Recall that C(G,M) is a dense *-subalgebra of M x a G with the multiplication 
and involution defined by 

/*<?(*)= / f(s)a s (g(s- 1 t))ds, 
Jg 

r(t)=a t (f(t- i n 

where dg is the normalized Haar measure ( jT3J 7.7], 8.3.1]). Hence if G is a finite 
group, f x>y can be written as f x>y = ^ J2 g xa g (y)X g . 

If M denotes the smallest unitization of M (so M = M if M is unital), the 
function 

e : G — > M, e(s) = 1, for every seG 
is a projection of the multiplier algebra of M x a G f[17|). 

Proposition 5.2. ( 1TJ ) Lei a &e an action of a compact group G on a C* -algebra 
M. Then identifying x € M a and the constant function in C{G,M) with the value 
x everywhere we see that 

x ' — * / x ,i : M a -> e(M x Q G)e 

is an isomorphism of M a onto the hereditary subalgebra e(M x a G)e of the crossed 
product M x a G. 

The notion of saturated action is introduced by Ricffcl for a compact group action 
on a G*-algebra, and we adopt the following equivalent condition as the definition. 

Definition 5.3. (Rieffel, see [T4j 7.1.9 Lemma]) Let M be a G*-algebra and a be 
an action of compact group GonM. a is said to be saturated if the linear span of 
{fa.b | a, b € M} is dense in M x a G (see Notation 15. ip . We denote 

J a = spcm{f a ,b | a, be M}. 



Proposition 5.4. Let a be an action of a compact group G on a C* -algebra M. 
Then J a is the ideal of M x a G generated by the hereditary subalgebra e(M x a G)e. 
Moreover J a = span{f a ,a* G G(G, M) | a G A/}. 

Proof. We first show that is an ideal of M x a G. Let x G G(G, M) and a, 6 G M. 
Then a; * f a ,b G ^/a. Indeed, 

(a: * /a,&)(*) = y a;(s)Q! s (/ Q:6 (s _1 t))ds 
= J x(s)a s (a)at(b)ds 
= ( / x(s)a s (a)ds)a t (b), 
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hence x*f a ,b = fc,b € J a , where c = / x(s)a s (a)ds £ M. Also f* b = /&», a * implies 
that J a — Ja* is an ideal of M x a G. 

Let J := (M x Q G)e(M x a G) be the closed ideal generated by e(M x a G)e. 
Now we show that J a C J. From 

(fa.b* e)(t) = J f a ,b(s)a s (e(s^ 1 t)) ds = J aa s (b) ds = a J a s (b)ds, 

we have f a ,b * e — f a E(b),i, where E(b) = J a s (b)ds £ M a . Hence for a, b, c, and d 
in M, we have 

fa, b * e * / Ci< j = (fa, b * e) * (/d», c « * e)* 

= faE{b),\ * (fd*E(c*),l)* 
= faE(b),l * f\,E(c*)d 
= faE(b),E{c»)d, 

which means that f ax , y d € J" for any a,d £ M and x,y £ M a . Since M a contains 
an approximate identity for M, it follows that / 0i (, e J' for a, b £ A. 

For the converse inclusion J C J a , note that if a: € C(G, M), then (x * e)(t) = 
f x(s)ds for t £ G. With notations .t' = J x(s)ds and x" := / a s (a;(s _1 ))rfs (g M), 
we see that 



(x * e * = J (x * e)(s)a s (y(s~ 1 t))ds 

= x' J a s (y(s~ l t))ds 

= x'a t ( J a s (y(s^ 1 ))ds) 
= x'a t (y") 

= fx',y"(t) 

belongs to J a for x, y £ C(G, M). 

Finally the following polarization identity proves the last assertion. 



1 3 

aa t (b) = ^Y1 ik ( b + lka *)* a t(b + i k a*)- 



k=0 



□ 



6. The gauge action 7 on a graph C*-algebra 

By a (directed) graph E we mean a quadruple E = (E°,E 1 ,r,s) consisting of 
the vertex set E°, the edge set E 1 , and the range, source maps r, s : E 1 — > E°. If 
each vertex of E emits only finitely many edges E is called row finite and a row 
finite graph E is locally finite if each vertex receives only finitely many edges. By 
E n we denote the set of all finite paths a = e\ ■ ■ ■ e n (r(ej) = s(ei + i), 1 < i < n— 1) 
of length n (\a\ = n). Each vertex is regarded as a finite path of length 0. Then 
E* = U n >oE n is the set of all finite paths and the maps r and s naturally extend 
to E* . A vertex v is called a sink if s _1 (w) = and a source if r _1 (u) = 0. 

If E is a row finite graph, we call a family {s e ,p v \ e £ E x ,v £ E } of operators a 
Cuntz-Krieger(CK) E-family if {s e } e are partial isometries and {p v } v are mutually 
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orthogonal projections such that 

S* e S e =p r ( e ) &nd p v = ^ S e S* ifs _1 (u)^0. 

s(e)—v 

It is now well known that there exists a C*-algebra C*(E) generated by a universal 
CK iJ-family {s e ,p v \ e G E x ,v G E }, in this case we simply write C*(E) = 
C*(s e ,p v ). For the definition and basic properties of graph C*-algebras, see, for 
example, pjj [21 [10l [HJ [15] among others. If a = ct\ct2 ■ ■ ■ a\ a \ (cti G E 1 ) is a finite 
path, by s a we denote the partial isometry s ai s a2 ■ ■ ■ Sa lal (s v = K = p v , for v G 
E°). 

We will consider only locally finite graphs and it is helpful to note the following 
properties of graph C*-algebras. 

Remark 6.1. (i) Let C*(E) — C*(s e ,p v ) be the graph C*-algebra associated 
with a row finite graph E, and let a, f3 € E* be finite paths in E. Then 

!s* , if a = /3n 
s v , if /9 = olv 
0, otherwise. 

Therefore C*(E) = span{s a s*p \ a, f3 E E*}. 

(ii) Note that s a s* p = for a,/3 G £;* with r(a) 7^ r(/3). 

(iii) If a, /3, ^1, and in E 1 ™ are the paths of same length, 

(s a S^)(s fJl S IJ ) = Sfj^SaS^. 

Thus for each n G N and a vertex v in a locally finite graph E, we see that 

span{s a s*p I a, (3 G I?" and r(a) = r(/3) = v} 

is a *- algebra which is isomorphic to the full matrix algebra M m = (M m (C)), 
where m = |{a G £ n | r(a) — v}\. 

Recall that the gauge action 7 of T on C'*(E) — C*(s ei p v ) is given by 
lz{s e ) = zs e , J z (p v ) =p v , z G T. 
7 is well defined by the universal property of the CK i5-family {s e ,p v }. Since 

/ 7,(«„«J)dz= / z^-W(s a s})dz = 0, \a\?\P\, 

one sees that 

C*{E)i = span{s a sp \a,j3e E* , \a\ = \f3\}. 
If Z denotes the following graph: 

Z : ■ • • • > • > • ■ • • • ■ , 

-2-10 1 2 

then C*(Z) is isomorphic to the C*-algebra JC of compact operators on an infinite 
dimensional separable Hilbcrt space, hence C*(Z) is itself a simple AF algebra. But 
C*(Z) 7 coincides with the commutative subalgebra span{s a s* a \ a G Z*} which is 
far from being simple, and thus we know that the simplicity of C*{E) does not 
imply that of C*(i?) 7 in general. 
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In [9] , the Cartesian product of two graphs E and F is defined to be the graph E x 
F={E°x F°, E 1 xFV.s), where r(e, /) = (r(e), r(/)) and s(e, /) = (s(e), s(/)). 
Since the graph Z x JS has no loops for any row-finite graph E, we know that 
C*{Ey is an AF algebra ( [TOj ) by the following proposition. 

Proposition 6.2. ([9]) -Lei E be a row finite graph with no sources. Then the 
following hold: 

(a) C*(E)~< is stably isomorphic to C*(E) x 7 T. 

(b) C*(E) x 7 T = C*(Z x E). 



Now we show that a gauge action is saturated. For this, note that the linear 
span of the continuous functions of the form 

t»f(t)x, feC(G),xeA 

is dense in C(G, A) [13j 7.6.1]. Hence by Remark l6.1f i). one sees that 

C*(E) x 7 T = span{z n s a s* f} \ a, ft £ E* neZ}. (15) 



Theorem 6.3. Let E be a locally finite graph with no sinks and no sources. Then 
the gauge action 7 on C* (E) is saturated. 

Proof. We show that J~ 7 = C*{E) x 7 T. By {JSJ it suffices to see that 

z n s a s*p e J~f for all a, ft G E*, n>0 

(because z~ n s a sl = (z n sps* a )* for n > 0). 

Now fix a, ft S E* and n > 0. Put I = n — (|a| — |/3|). There are two cases. 

(i) I > 0: One can choose a path /i such that \fi\ = 2 and r(/i) = s(a). Then 

n * £— (— I j — \(3\ * * * { * \ f ( \ 

Z S a Sp — Z S^S^SaSp — S^zyS^aSp) — J s*,s ^nS^yZ ) , 

where the function / s *,s MC ,sj belongs to J^. 

(ii) I < 0: Choose a path v with \ v\ = \ft\+n and r(v) = r(a). With a = s Q s* , 
& = «i/S^, we have f a ,b G and 

Z™S Q S^ = 5^5*72(5^5^) = fa,b( Z )- 

□ 
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